Background: Major differences in plasma volume expansion between infusion fluids are fairly well known, but there is a lack of methods that express their dynamic properties. Therefore, a closer description enabled by kinetic modeling is presented.
THE administration of intravenous volume support is common practice during surgery and is indispensable in the management of many medical conditions. 1 However, fluids differ in volume-supportive effect because of a variable content of salt and colloid, which influences the distribution and elimination of the infused volume. [1] [2] [3] Commonly used crystalloid fluids include 0.9% saline, lactated Ringer's solution, and acetated Ringer's solution. Normal saline is often replaced by Ringer's solution to avoid hyperchloremic acidosis, 4 but the lactate or acetate used as buffer may alter the volume-supportive effect because of intrinsic vasodilating properties. 5, 6 Among the hypertonic fluids, 7.5% is recommended for resuscitation by the US Army, 7 and 7.5% saline with dextran is registered for prehospital use in the European Union. 8 The aim of this study was to compare these five infusion fluids with respect to their ability to become enriched in, and thereby to dilute, venous plasma. For this purpose, serial measurements of the blood hemoglobin concentration and erythrocyte count were converted into dilution-time data. One approach was to calculate the area under the dilution-time curve, a method often used to summarize concentration-time data in pharmacokinetics. Another analytical approach is based on volume kinetic compartmental modeling, which was adapted in this study to account for the osmotically driven transcellular flow of fluid when hypertonic fluids are infused. 9 The compartmental modeling enables comparisons of volume expansion by computer simulation. 10, 11 
Materials and Methods
Ten healthy male volunteers, aged 24 -44 yr (mean, 32 yr) and with a mean body weight of 81 kg (range, 72-95 kg), participated in 50 intravenous infusion experiments. The study was approved by the appropriate Ethics Committee, and the informed consent of the participants was obtained.
Procedure
Each volunteer received, in random order and at least 1 week apart, a 30-min infusion of the following fluids: 25 ml/kg of 0.9% saline, Ringer's acetate solution (Baxter Medical AB, Kistor, Sweden; ionic content in mEq/K; Na ϩ ,130; K ϩ , 4; Ca 2ϩ, 2; Cl Ϫ ,110; acetate, 130; pH, 6.5; and osmolality, 273 mOsm/l), Ringer's lactate solution (Baxter Healthcare LTD., Deerfield, IL; ionic content; Na ϩ ,130; K ϩ , 4; Ca 2ϩ , 2.7; Cl Ϫ , 109; lactate, 28; pH, 6.5; and osmolality 273 mOsm/l), 5 ml/kg of 7.5% saline, and 3 ml/kg of 7.5% saline in 6% dextran. The volunteers had a light breakfast consisting of one glass of water or milk and one sandwich 2 h before the infusion, which began at approximately 9.00 AM. They voided and were weighed just before the infusion started. During the study, the subjects rested comfortably on a bed covered with blankets. Cannulas were inserted into the antecubital veins in both arms. One was used for infusion and the opposite for blood sampling. A recumbent equilibration period of 30 min was allowed before the first blood sample was drawn in duplicate for an accurate baseline determination and calculation of the coefficient of variation (1.1% for blood hemoglobin and 1.3% for the erythrocyte count and mean corpuscular volume). When an infusion had started, venous blood (3 ml) was drawn every 5 min for 2 h and every 10 min during the subse-quent 2 h, amounting to 37 samples and 74 ml of blood. The blood hemoglobin concentration (Hb), erythrocyte count, and the mean corpuscular volume were measured on a Technicon H2 (Bayer, Tarrytown, NY), which determines hemoglobin by colorimetry at 546 nm and uses an electrical impedance passage method for the other two variables.
Heart rate and blood pressure were recorded immediately after each blood sample was drawn, using a noninvasive automatic device (Propaq 104, Protocol Systems Inc., Beaverton, OR). To ascertain a stable preexperimental fluid status, the bioelectrical impedance (Xitron 4000B Spectrum Analyzer, Xitron Technologies Inc. San Diego, CA) was measured before starting each session. 12 The sizes of the extracellular and intracellular spaces were calculated using the software supplied with the apparatus. The mean of three consecutive measurements was used to detect differences in fluid status between sessions.
Volume Kinetic Models
In the overarching three-volume model for kinetic analysis of the distribution and elimination of infused fluid, an intravenous infusion, given at a constant rate (k i ), enters a central body fluid space having the volume (v 1 ). Fluid leaves v 1 by two mechanisms: one rate proportional by a constant k r to the deviation of v 1 from the baseline volume V 1 (this may be regarded as dilutiondependent urinary excretion), and at a basal rate (k b , perspiration and baseline diuresis, a fixed rate). The net fluid exchange between v 1 and a peripheral fluid space, v 2 , occurs at a rate proportional to the relative difference in deviation from the target values (V 1 and V 2 ) by a constant (k t ). In case the infused fluid is hypertonic, the infusion is accompanied by an osmotic shift of fluid, f(t), to v 2 from a more remote space, v 3 . At all times, fluid may diffuse in the opposite direction, from v 2 to v 3 , and this flow is governed by a constant k 23 ( fig. 1 ). Hence, the net fluid shift reverses after the infusion is ended. The differential equations describing the volume changes in V 1 , V 2 , and V 3 and their matrix solutions are shown in the Appendix.
The expansion of V 2 was reported if a F test indicated that adding another exponent to the equation describing the dilution-time curve resulted in a statistically significant reduction of the mean square error (MSQ), which is a measure of the average difference between modelpredicted and the measured data points. 13 If V 2 was not statistically justified in the analysis of the two hypertonic fluids, fluid was assumed to be translocated directly from v 3 to v 1 , and the flow back to v 3 was then governed by a constant k 13 .
Osmotic Fluid Shift
For isotonic and nearly isotonic fluid, f(t) was set to 0, whereas for hypertonic fluid, f(t) was Ͼ 0. The latter case implied that water is being translocated from v 3 to v 2 at a rate governed by the osmotic load. This transfer of water during each 5-min period was calculated based on the law of isoosmolality in the body fluids with guidance from standard textbooks in physiology. An osmotic shift is known to occur across the cell membrane and exchanges water from the intracellular to the extracellular fluid space, which amounts to 40% and 20% of the body weight (BW), respectively. 9 Using the baseline osmolality, which was 291 Ϯ 8 mOsm/l (mean Ϯ SD) in the present study, the translocated volume f(t), which can only accumulate in expandable body fluid spaces of the kind identified by volume kinetics, was obtained from: BW*0.2*291 ϩ infused osmoles BW*0.2 ϩ f͑t͒ ϩ infused volume ϭ BW*0.4*291 BW*0.4 Ϫ f͑t͒
Applying the calculated osmolality of 2,458 for the two hypertonic fluids, this equation indicates that the first infused milliliter translocated 4.9 ml of water. The osmotic force became progressively reduced for each subsequent amount of infused fluid because the osmolality of all body fluids gradually increased. Therefore, f(t) was entered as linear function in the analysis process where f(t) at each point in time was governed by the total amount of infused fluid.
Calculation of Model Parameters
The dilution of venous plasma was used to quantitate the water load as the infused fluid remains outside the erythrocytes. The blood hemoglobin concentration and the baseline hematocrit were used as follows to obtain the dilution of V at time (t):
The dilution of the erythrocyte concentration was calcu- lated in the same way as for hemoglobin, and the mean of the two was used after correction for changes in cell volume, as indicated by the mean corpuscular volume. A correction was also made for the losses of erythrocytes in connection with the blood sampling procedure based on the baseline blood volume, as estimated according to a regression formula using the height and weight of the subjects. 14 The kinetics of the fluid infused intravenously was modeled separately for each subject, using Matlab version 5.3 (Math Works Inc., Notich, MA), whereby a nonlinear least-squares regression routine based on a modified Gauss-Newton method was repeated until no parameter changed by more than 0.001 (0.1%) in each iteration. The output of the kinetic analysis consisted in the lowest possible MSQ and the corresponding best estimate and the SEM for each parameter in the model. The parameter k b was set to 0.5 ml/min and used to correct for the insensible fluid loss of 10 ml · kg Ϫ1 · day Ϫ1 . 15 No correction was made for the withdrawn plasma because an equal volume of 0.9% NaCl was injected after each blood sampling.
The size of V 3 could not be estimated with confidence by the curve-fitting procedure. In the kinetic program, V 3 was set to the same size as the expected size of the intracellular fluid space, which is about 40% of the body weight. 9 In the tables, however, we present the rate k 23 /V 3 , which describes the slope of the curve for the accumulation of fluid in V 3 , independently of the size of V 3 . In addition, k r and k 23 could not be determined when f(t) was Ͼ 0 because they operated during the same period. For the hypertonic fluids, therefore, k r was determined as the total urinary excretion during the experiment divided by the area under the dilution-time curve, assuming that half of the basal fluid loss (k b ) consisted of dilution-independent urinary excretion. 16 The area under the curve was calculated by the linear trapezoidal method over the entire 240-min observation period, without extrapolation to zero.
Simulations
Method. Predictions of the expected dilution response in V and V 1 were based on the numerical solutions to the differential equations describing the kinetic models used. The solutions to the models in which f(t) ϭ 0 have been given in a previous publication, 3 whereas those for f(t) Ͼ 0 are shown in the Appendix. The best estimate of the model parameters were inserted into the solutions that had been programmed into the Matlab software. A time-stepping method was then used to yield the dilution-time curve.
Efficiency. For each experiment, the "efficiency" of the plasma expanders was obtained as the area under the curve divided by the actually infused fluid volume (area approach). The efficiency was also obtained from simulations based on the volume kinetic parameters and then was taken as the computer-predicted fluid volume required to reach a dilution of 20% at the end of a 30-min infusion (target dilution approach). Numerical presentation of this predicted fluid requirement is usually expressed relative to the volume of 0.9% saline needed to reach the same goal in the same person.
Pooling of Curves. The kinetics of each experiment was described by one set of parameters. Graphical pre-
Fig. 2. Individual curves for the dilution of venous plasma during and after administration of five infusion fluids (fine lines) and the model-predicted line for the underlying curves (thick line). All data are corrected for blood sampling.
sentation of the expected overall dilution response to infusion of a fluid was obtained from the mean of all 10 simulated dilution-time curves from the respective series of 10 experiments, each based on the appropriate one-, two-, or three-volume model as indicated by the F test ( figs. 2 and 3).
Statistics
Data are presented as the mean Ϯ SD or, when there was a skewed distribution, the median and the 25th and 75th percentiles. Statistical comparisons of dilution were based on measured and simulated data at 30, 60, 90, and 200 min of the experiments using one-way analysis of variance (ANOVA), followed by the Newman-Keuls test. The same methods were used to compare the area under the dilution-time curves and also the fluid volumes required to yield a predetermined dilution. P Ͻ 0.05 was considered significant.
Results

Area Approach
The dilution of the plasma increased gradually during all infusions and decreased exponentially after they were ended ( fig. 2 ). The dilution response to the fluids varied depending on their tonicity; the ratio of the area under the curve of the dilution-time profiles to the infused fluid volume was almost twice as high for 7.5% saline in dextran (84.8 ml Ϫ1 ) as for 7.5% saline (45.3 ml Ϫ1 ), whereas 0.9% saline and the two Ringer's solutions had an average ratio of 12.0 ml Ϫ1 (table 1). The relative volume effects, measured as the area under the dilution curve of the infused fluids during the 240-min study period were, using 0.9% saline as a reference (ϭ 1): lactated Ringer's solution, 0.88 Ϯ 0.25; acetated Ringer's solution, 0.91 Ϯ 0.46; hypertonic saline, 3.97 Ϯ 1.97; and hypertonic saline in dextran, 7.22 Ϯ 4.48 (mean Ϯ SD).
The dilution-time profiles were similar during infusion of the isotonic and the slightly hypotonic fluids, but the dilution during the subsequent hour was less pronounced with acetated Ringer's solution than with the other solutions (table 2). The urinary excretion was significantly higher with the two Ringer's solutions than with each of the hypertonic solutions, but only the latter ones resulted in a larger excretion than the infused volume (table 1) .
Target Dilution Approach
The volume kinetic analysis showed that the two-volume model was statistically appropriate in most of the experiments with 0.9% saline and the two Ringer's solutions (table 3) . The size of the central body fluid space (V 1 ) was 4.0 l (range, 3.5-5.4 l), and the peripheral fluid space (V 2 ) averaged 8.3 l (range, 5.7-12.1 l). The twovolume model was usually also appropriate for the hypertonic fluids (table 4) .
To overcome random fluctuations in the measurement of dilution, computer simulations were made using individual kinetic parameters and the doses used in the study. These simulated dilution-time curves differed significantly only at 200 min, where 0.9% saline and acetated Ringer's solution were Ͼ 7.5% saline (P Ͻ 0.05; fig. 3 , top). Normal saline and the Ringer's solutions left a 5% residual dilution at 240 min, which was not the case for the hypertonic fluids.
A further comparison of the efficiency of the infused fluids was made by multiplying the infusion rate in each volunteer by a factor to yield a precise dilution of 20% at the end of the infusion. We needed to use the following factors to reach this goal (mean): 0.87 for normal saline, 0.85 for lactated Ringer's solution 0.92 for acetated Ringer's solution, 0.27 for hypertonic saline, and 0.16 for hypertonic saline in dextran ( fig. 3, bottom) . With the adjusted infusion rates, the dilution varied only slightly during the infusions but much more after them ( fig. 4 ).
The fluid volumes required to dilute the plasma by 20% differed markedly between the fluids (table 5). The relative volume effect of the infused fluids was, when using 0.9% saline as a reference (ϭ 1): 0.94 Ϯ 0.14 for lactated Ringer's solution, 0.97 Ϯ 0.28 for acetated Ringer's so- lution, 4.44 Ϯ 1.08 for hypertonic saline, and 6.15 Ϯ 1.12 for hypertonic saline in dextran.
Area versus Target Dilution Approach
As indicated previously, the area method usually indicated a slightly lower relative efficiency of the fluids in diluting the plasma than the target dilution method did; the mean value was 94% for lactated Ringer's solution, 93% for acetated Ringer's solution, 89% for hypertonic saline, but 117% for hypertonic saline in dextran. The differences between the methods were not statistically significant.
Hemodynamics, Bioimpedance, Adverse Effects
All infusion fluids except normal saline significantly increased the systolic arterial pressure when tested group-wise (ANOVA; P Ͻ 0.02). The systolic pressure during infusions of all these fluids increased from 120 Ϯ 9 mmHg at baseline to 128 Ϯ 13 mmHg at 30 min. No fluid significantly changed the diastolic pressure. Only 7.5% saline increased the heart rate, from 67 Ϯ 7 to 78 Ϯ 9 beats/min (P Ͻ 0.001).
The size of the extracellular fluid space before the infusions started, as measured by bioimpedance, varied little in the five series of experiments, the lowest group Data were obtained for five infusion fluids given to 10 male volunteers. "25 th and 75 th " are percentiles for the distribution of data.
ANOVA ϭ analysis of variance. No adverse events occurred when 0.9% saline and the two Ringer's solutions were infused. One subject was excluded because he got a headache during the infusion of hypertonic saline, which prompted discontinuation of the experiment.
Another volunteer was excluded from the study because of pain in the arm in which hypertonic saline was infused. Three other volunteers reported mild-to-moderate pain in the infusion arm when the hypertonic fluids were administered, and two developed thrombophlebitis. The hypertonic fluids induced thirst in all volunteers, which subsided after the infusions were ended. The serum sodium concentration increased (P Ͻ 0.001) to a similar degree with both hypertonic fluids; for hypertonic saline, the concentration increased from 141 Ϯ 1 to 150 Ϯ 1 mEq/l, and during infusion of hypertonic saline in dextran serum sodium changed from 139 Ϯ 4 to 148 Ϯ 2 mEq/l.
Discussion
The efficiency of five infusion fluids as plasma volume expanders was analyzed by their area under the dilutiontime curves and also by volume kinetics, which is a tool for studying the distribution and elimination character-istics of infusion fluids. Volunteers were given three isotonic or nearly isotonic fluids, all of which are used in various parts of the world, and two hypertonic solutions. As expected, the first solutions were far less effective in diluting the plasma than the latter ones, but certain differences within these two groups could be disclosed. For example, the area approach showed that lactated and acetated Ringer's solutions were approximately 10% less effective than normal saline during the 240-min observation period. This finding can probably be accounted for by a slightly larger urinary excretion and also by the lower sodium content of the Ringer's solutions compared with 0.9% saline (table 1). The efficiency showed a high intersubject variability, however. Further comparisons of the dilution-time profiles of the fluids were made by means of volume kinetic analysis, which allowed a more precise comparison of their efficiency by simulating to a predetermined dilution (target dilution approach). Because all fluids differ in dynamics, volume kinetics can be used to contrast selected characteristics of the fluids by equilibrating one specific characteristic of them. The target dilution approach described the differences between the fluids with a smaller intersubject variability than the area method, which can be understood as the dilution varied less during the actual infusion than later during the experiment. Further, the average differences in efficiency between the fluids were not identical to those obtained by the area approach. For example, at the end of a simulated 30-min infusion, to a target dilution of 20%, the efficiency of 0.9% saline and the two Ringer's solutions was more similar than indicated by the area approach.
Hypertonic saline exerted an average plasma dilution effect that was 4.4 times greater than that of normal saline, which is less than would be expected from the 8.3 times difference in osmolality between the infused fluid and the body fluids. When infusing hypertonic saline, however, one part of the sodium chloride load apparently redistributes water, whereas the other part serves to increase the osmolality of the extracellular fluid. 17 The addition of dextran to hypertonic saline was originally carried out to prolong the plasma volume expansion, 18 but dextran increased the volume effect of hypertonic saline by more than 50%, although the duration of the effect was only slightly prolonged. The reason for the greater volume expansion is probably the predominantly intravascular distribution of dextran, whereas hypertonic saline per se is distributed in a much larger volume.
The hypertonic fluids differ from the isotonic solutions also in their dehydrating effect, which is probably caused by natriuresis induced by the sodium load. 19 Hence, the urinary excretion was 1.8 times larger than the infused fluid volume of hypertonic saline, whereas it was 2.7 times larger when hypertonic saline with dextran was given.
The kinetic method used for analyzing the dilutiontime profiles in venous plasma was developed in the late 1990s to better characterize the disposition of infusion fluids. 3, 10, 11 The body fluid space expanded by the infused fluid (V) is a central concept in volume kinetics and can be estimated because the dilution of the blood with respect to such macromolecules as hemoglobin, which do not penetrate vascular vessel walls, is a measure of the distribution of the infused fluid volume and not of the macromolecule. The fitting of the kinetic model to the data also yields the rate of elimination and sometimes the distribution of fluid into a peripheral body fluid space. In the present study, this approach was used to compare the efficiency of the fluids by adjusting the infusion rates and also to illustrate the variability of the dilution-time profiles after the infusions ended.
Several modifications of the kinetic model were introduced here. All group-wise simulations are based on a single summarized (pooled) dilution-time curve representing all experiments with each fluid, which makes them independent of the number of experiments reported according to the one-and two-volume models (isotonic fluid) and two-or three-volume model (hypertonic fluid). The model has also been developed to account for the specific fluid shifts induced by an osmotic load, which the original one-and two-volume model first presented cannot handle correctly. The powerful volume effect of the hypertonic fluids can be understood from an osmotically driven translocation of fluid from cells to noncells. The model now considers the flow of fluid to and from a distant body fluid space, V 3 , although the size of V 3 could not be estimated with confidence. Further, two mechanisms involved in the removal of a hypertonic fluid volume are separated. Fluid is eliminated by a dilution-dependent mechanism, k r , which essentially represents renal excretion, but also by another mechanism, k 23 , through which fluid returns to V 3 , the strength of which probably reflects the degree of natriuresis.
For both hypertonic fluids, the return of fluid to V 3 was more important than the urinary excretion in removing fluid from central parts of the body. This can be concluded by comparing the urinary excretion and the sum of the infused fluid volume and the translocated amount, which was approximately 4.7 times the infused, while considering that the baseline volume of V 1 had been essentially restored at the end of the study period. The kinetics of hypertonic saline has previously been analyzed by assuming that f(t) ϭ 0, which results in unrealistically small values for V and k r . 3 The present approach reflects the forces governing the fluid distribution in the body more accurately.
Hypertonic saline is known to restore a lowered arterial pressure and may have a positive inotropic effect. Clinical trials show that the same physiologic responses can be elicited by infusing only one tenth as much 7.5% saline in 6% dextran as lactated Ringer's solution. 20 -22 Other comparative studies on the efficiency of volume support using isotonic and hypertonic fluids are usually based on hypovolemic shock in animals. Kramer et al. 23 found that 7.5% saline in 6% dextran is six times more effective than lactated Ringer's solution in restoring cardiac output in adult sheep subjected to severe hemorrhage, which is approximately 30% more than the relation we found in healthy volunteers.
Lactated and acetated Ringer's solutions were both studied because the latter is marketed in Scandinavia. Acetate is used as a buffer because it is, just like lactate, easily degraded to bicarbonate. A difference is that lactate is metabolized only in the liver and kidney, whereas acetate is degraded in all body cells, which is proposed to be beneficial in situations of lactic acidosis and a hypokinetic circulation. 24 Acetate, which is a vasodilator, 5, 6, 25 may redistribute blood to the splanchnic bed 26 and impairs cardiac function during hemodialysis. 27, 28 The handling of infused acetated Ringer's solution may therefore differ from that of lactated Ringer's solution and 0.9% saline, although it was not clear to us whether differences in vasodilation could be disclosed at the doses used here.
The present study used noncompartmental and compartmental expressions to illustrate the efficiency of an infusion fluid. The first one includes the relationships between the area under the dilution-time profile, the infused fluid volume, and the urinary excretion. Such expressions rest on few assumptions. More assumptions are involved when fitting a compartmental model, such as those used in volume kinetics, to the data. Most of these assumptions are given directly by the model. The benefit of using the kinetic model is that by using various simulations, a better understanding is gained, and, in addition, differences in the handling of fluid can be attributed to a specific mechanism. For example, the increased dilution after infusing acetated Ringer's solution in hypovolemic volunteers was found to be a result of a reduced rate of elimination (k r ) and not a result of an increased volume of distribution, which could also reduce the dilution response. 11 Further, the size of the body fluid spaces expanded by the infused fluid can be estimated.
In the present study, comparisons between the fluids were complicated by the need for several model variants. However, a central body fluid space (V 1 ) having a volume of approximately 4 l could be detected in most experiments with the isotonic and nearly isotonic fluids. The size of the peripheral body fluid space (V 2 ) was usually between 6 and 7 l, which is consistent with previous work, 3, 11, 29 whereas acetated Ringer's solution showed a larger V 2 . This peripheral body fluid space was not statistically significant in 8 of the 30 experiments, which occurred when the rate of elimination is rapid. 29 The hypertonic fluids expanded a total body fluid space of 7-10 l. The fact that the occasional V 1 is smaller than the expected size of the plasma volume is probably because preferential enrichment of fluid in the wellperfused vascular beds, where the transit time for plasma is short. A previous study proposes that long transit times are further prolonged by vasodilation during spinal anesthesia, 30 which promotes excessive enrichment of infused fluid in a small central compartment, and hypertonic fluids also have vasodilating properties. 31 Other monitoring in the present study included hemodynamic changes, which were slight, although most of the fluids consistently increased the systolic arterial pressure. The bioimpedance analyses showed that the baseline state of hydration of the volunteers was similar in the five series of infusions. An unexpected finding was the high incidence of pain on infusion of the hypertonic fluids, although the fluids clearly entered the bloodstream. Most reports on hypertonic fluids involve their use for fluid resuscitation in trauma, where a blurred sensorium probably limits the patients' complaints about pain on infusion. 8 The pain may be an unpleasant surprise, however, if clinicians make use of such hypertonic fluids in awake patients, such as in surgical procedures performed with regional anesthesia. Hydration with 3% saline before inducing spinal anesthesia apparently does not elicit pain. 32 In conclusion, we suggest that the area under the curve of the plasma dilution-time profile (area approach) and computer simulation of the fluid volume required to reach a predetermined dilution (target dilution approach) are useful tools for describing the efficiency of plasma volume expanders. Using 0.9% saline as the standard solution, there were similar relationships between fluids, but the between-subject variability using the target dilution method was approximately half as high as for the area method.
Appendix
In the simplest volume kinetic model, the osmotic shift f(t) ϭ 0, and V 2 is not statistically significant by the F test. 13 The volume change of the single expandable body fluid space is then indicated by the dilution of the venous plasma according to equation 1:
The existence of V 2 is said to be statistically justified if the lowest possible average difference between the model-predicted and measured data points (mean square error, MSQ) is significantly reduced by fitting the solution to equation 2 to the measured data points instead of the solution to equation 1. If the osmotic shift is still f(t) ϭ 0, the situation in the central body fluid space, V 1 , and the peripheral body fluid space, V 2 , are as follows:
Solutions to these differential equations have been published in previous work. 3, 10 When hypertonic sodium is infused, f(t) Ͼ 0, and water is translocated to v 2 from a remote body fluid space, v 3 , at a rate governed by the osmotic load (see Osmotic Fluid Shift in Materials and Methods). In case V 2 is not statistically justified by the F test, the following differential equations show the changes in the volume of v 1 and v 2 , respectively:
The volume change of v 3 is expressed differently from v 1 since this fluid space contracts instead of becoming expanded. Introduce
and we obtain:
Introduce vector and matrix notation:
The differential equations in equation 8 can be written as:
The solution of this linear system of differential equations is:
w(t) ϭ e A(tϪT) w(T)ϩ ͵ T t e A(tϪs) a(s)ds (10) where e At is the exponential matrix, T is the initial time, and w(T) is the corresponding initial value. The integral can be evaluated if a(t) is approximated by a constant a k in the time interval ͓t k , t kϩ1 ͔. The numerical solution w kϩ1 at t ϭ t kϩ1 is then computed recursively from w kϩ1 ϭ e A⌬t w k ϩ(e A⌬t Ϫ I)A Ϫ1 a k , k ϭ 0, 1, . . . , N Ϫ 1 (11) where ⌬t ϭ t kϩ1 Ϫt k , w 0 ϭ w(T).
The three-volume model is described by equation 9 with
The form of the solution is given by equation 10, and after approximating a(t) with piece-wise constant values as in the two-volume model, the numerical solution is obtained from equation 11.
